We define non-commutative schemes by using prime ideals of non-commutative rings, and discuss theétale cohomology, the Betti cohomology, the fundamental groups, and Chern classes of line bundles, etc. for non-commutative schemes. In Appendix by Takako Fukaya, this theory is related to zeta functions of noncommutative schemes.
0 Introduction 0.1. After the author submitted the first version, he realized that the notion A-algebra below for a non-commutative ring A was already considered by Procesi who showed that Spec of non-commutative rings become a functor in the sense explained below. The author plans to write the third version in which such things are properly explained.
For a ring
A which need not be commutative, we define the notion A-algebra.
It is a ring B with a ring homomorphism A → B such that B is generated by the centralizer C B (A) = {b ∈ B | ab = ba for all a ∈ A} of A in B and the image of A.
For A-algebras B and C, we show that B ⊗ A C has a unique ring structure such that (b 1 ⊗ c 1 )(b 2 ⊗ c 2 ) = (b 1 b 2 ) ⊗ (c 1 c 2 ) for any b 1 , b 2 ∈ C B (A) and c 1 , c 2 ∈ C C (A) and such that (a ⊗ 1)(b ⊗ c) = (ab) ⊗ c = (b ⊗ c)(a ⊗ 1) for any a ∈ A, b ∈ C B (A), c ∈ C C (A) (Thm.
1.3).
0.3. Let Spec(A) be the set of all prime ideals of A. As is well known, Spec of noncommutative rings is not a functor. For a ring homomorphism A → B of non-commutative rings, the inverse image of a prime ideal of B is not necessarily a prime ideal of A. In fact, it is proved in the paper [10] that for non-commutative rings, it is impossible to have a nice functor which is similar to Spec of commutative rings. However, if we consider the category (Alg) of rings in which a morphism is a ring homomorphism A → B such that B is an A-algebra, A → Spec(A) with Zariski topology on Spec(A) is a contra-variant functor from this category to the category of topological spaces.
We define the category of non-commutative schemes which are endowed with sheaves of (not necessarily commutative) rings. We have a contra-variant functor A → Spec(A) from the full subcategory of (Alg) consisting of A such that A is finitely generated over the center Z(A), to the category of non-commutative schemes.
0.4.
Our hope is to obtain theories as in SGA (Séminaire de Géométrie Algébrique du Bois Marie) for non-commutative schemes.
In non-commutative algebraic geometry, people did not use the spaces of prime ideals of non-commutative rings so much. (It even happens that people do not use spaces at all.) One reason may be that the inverse image of a prime ideal under a homomorphism of non-commutative rings is not necessarily a prime ideal, and hence prime ideals were regarded not so useful as points in non-commutative geometry. But now Spec became functorial and so it should be nice to consider the non-commutative algebraic geometry using prime ideals as points. 0.5. For a non-commutative scheme X, we define in Section 5 theétale cohomology groups and the fundamental group of X imitating SGA 4 and SGA 1, respectively, generalizing these groups of schemes. In the case X is over C, we define the Betti cohomology groups of X. 0.6. In Section 4, we present the theory of vector bundles on non-commutative schemes X. These are two-sided O X -modules which are locally isomorphic to O 1 A-algebras over non-commutative rings A Let A be a (not necessarily commutative) ring.
1.1.
By an A-algebra, we mean a ring B endowed with a ring homomorphism A → B satisfying the following equivalent conditions (i)-(iv). Let C B (A) be the centralizer {b ∈ B | ab = ba in B for all a ∈ A} of A in B.
(i) As a ring, B is generated by the image of A and C B (A).
(ii) As a left A-module, B is generated by C B (A).
(iii) As a right A-module, B is generated by C B (A).
(iv) As a ring endowed with a ring homomorphism from A, B is isomorphic to A T λ (λ ∈ Λ) /I for some index set Λ and some two-sided ideal I of the non-commutative polynomial ring A T λ (λ ∈ Λ) . Here T λ are indeterminates which do not commute with each other but commute with elements of A.
1.2.
If A is commutative, this terminology A-algebra coincides with the usual terminology A-algebra. 
Claim 1.
The map h is surjective and the kernel of h is generated over Z by elements of the following forms (1) and (2) .
(1)
The surjectivity is clear. It is also clear that elements (1) , (2) are in the kernel of h. We prove that the kernel of h is generated by elements in (1), (2) . If we divide C B (A) ⊗ Z A ⊗ Z C C (A) by elements of the form (1), we obtain B ⊗ Z C C (A). If we divide B ⊗ Z C C (A) = B ⊗ A A ⊗ Z C C (A) by elements of the form (3) n i=1 b⊗a i ⊗c i ∈ B ⊗ A A⊗ Z C C (A) (b ∈ B, a i ∈ A, c i ∈ C) such that n i=1 g(a i )c i = 0, we obtain B ⊗ A C. The element (3) is identified with the element n i=1 bf (a i ) ⊗ c i of B ⊗ Z C C (A). Since b ∈ B is generated over Z by elements of the form b ′ f (a ′ ) with b ′ ∈ C B (A) and a ′ ∈ A, the element (3) in B ⊗ Z C C (A) is generated over Z by the images of elements
f (a ′ a i ) ⊗ c i is of type (2) . This completes the proof of Claim 1.
Now consider the Z-bilinear form
By Claim 1, to prove 1.3, it is sufficient to prove that µ(x, y) = 0 for x, y ∈ C B (A) ⊗ Z A ⊗ Z C C (A) such that either x or y has the form (1) or (2) .
Assume x has the form (1). Then for
Assume x has the form (2) . Then for
Assume y has the form (1). Then for
Assume y has the form (2). Then for
If this holds in the case A = B = C, then for any a 1 , a 2 ∈ A, we have in
that is, a 1 a 2 = a 2 a 1 in A = A ⊗ A A and this would imply that A is commutative. Proposition 1.5. Let the notation be as in 1.3. Then there is a unique isomorphism
Proof. It is sufficient to prove that the map
b kills the elements of the forms (1) and (2) in Claim 1 in the proof of 1.3. The image in C ⊗ A B of an element
Remark 1.6. The isomorphism in 1.5 does not send b ⊗ c to c ⊗ b for b ∈ B and c ∈ C in general. If this holds in the case A = B = C, then for any a 1 , a 2 ∈ A, the element
this would imply that a 1 a 2 = a 2 a 1 in A and hence that A is commutative.
is an isomorphism of A-algebras.
Proof. Straightforward.
is a ring homomorphism and A
′ ⊗ A B with this homomorphism is an A ′ -algebra.
Proof. Straightforward. Proposition 1.9. If B is an A-algebra, the image of the center Z(A) of A in B is contained in Z(B).
Proof. The image of an element of Z(A) in B commutes with elements of C B (A) and also with the image of any element of A. Hence it commutes with any element of B.
Proposition 1.10. If B is an A-algebra and C is a B-algebra, then C is an A-algebra.
Proof. Since B is generated by C B (A) and the image of A and since C is generated by C C (B) and the image of B, C is generated by C C (B), the image of C B (A), and the image of A. We have C C (B) ⊂ C C (A) and the image of C B (A) in C is contained in C C (A). Proof. There is a (A, A ′ )-bi-module P (left A-module and right A ′ -module, that is, left A-module and left (A ′ )
• -module; here ( ) • denotes the opposite ring) which is finitely generated faithful projective over these rings, and we have A ′ = End A (P )
• and A = End (A ′ ) • (P ). We have the functor from the category of A-algebras to the category of A ′ -algebras given by B → B ′ := End B (B ⊗ A P )
• . The converse functor is obtained by
2 The functor Spec and non-commutative schemes 2.1. For a ring A, let (Alg/A) be the category of A-algebras in which morphisms are ring homomorphisms B → C which respects the given homomorphisms from A such that C is an B-algebra. Let
that is, (Alg) is the category of rings in which morphisms are ring homomorphisms A → B such that B is an A-algebra.
2.2.
Recall that a prime ideal of a ring A (which may not be commutative) is a two-sided ideal p = A of A such that if I and J are two-sided ideals of A and if IJ ⊂ p, then we have either I ⊂ p or J ⊂ p. Let Spec(A) be the set of all prime ideals of A. It has the Zariski topology. A closed subset is a set V (I) = {p ∈ Spec(A) | I ⊂ p} given for a two-sided ideal I of A. We have ∩ I∈S V (I) = V ( I∈S I) for any set S of two-sided ideals of A and V (I) ∪ V (J) = V (IJ) for two-sided ideals I and J of A.
2.3.
For a ring homomorphism A → B, the inverse image of a prime ideal of B need not be a prime ideal of A. A standard example is the ring homomorphism C × C → M 2 (C), the embedding as diagonal matrices. The ideal (0) of M 2 (C) is a prime ideal, but its inverse image is the ideal (0) of C × C which is not a prime ideal. Proposition 2.4. For a morphism h : A → B in the category (Alg) and for a prime ideal p of B, the inverse image
Proof. Let I and J be two-sided ideals of A such that IJ ⊂ h −1 (p). It is sufficient to prove that Bh(I)Bh(J)B ⊂ p. Since B is generated by C B (A) and the image of A, we are reduced to the fact that for a ∈ A and b ∈ C B (A), IabJ ⊂ IaJb ⊂ IJB.
The continuity is clear. 
2.8.
Thus we have the contra-variant functor A → Spec(A) from (Alg) to the category of ringed spaces.
Proposition 2.9. Assume A is finitely generated over the center Z(A) as an Z(A)-algebra. Let R be a flat commutative ring over Z(A). Then R is a center of R ⊗ Z(A) A.
Proof. Take finitely many elements a i ∈ A (1 ≤ i ≤ n) which generates A over Z(A) as a ring. We have an exact sequence 0 2.11. By a non-commutative space of prime ideals, we mean a triple (X, O X , (p(x)) x∈X ), where X is a topological space, O X is a sheaf of rings (which need not be commutative) on X, and p(x) for each x ∈ X is a prime ideal of the stalk O X,x satisfying the following conditions (i) and (ii).
(i) For each x ∈ X, the center Z(O X,x ) of O X,x is a local ring, and
(ii) For an open set U of X and for f ∈ O X (U), the set {x
For non-commutative spaces of prime ideals 
2.12.
For a ring A which is finitely generated over the center Z(A) and for an open set X of Spec(A), we have a non-commutative space of prime ideals (X, O A | X , (p(x)) x∈X ), where p(x) is as follows.
Let y be the image of x under Spec(A) → Spec(Z(A)) and let Z(A) y be the local ring of Z(A) at y. Then Z(A) y is the center of O A,x by 2.9. Let q be the prime ideal of A corresponding to x, and let p(x) := Z(A) y ⊗ Z(A) q.
In the case X = Spec(A), we denote this non-commutative space of prime ideals again by Spec(A). Theorem 2.13. Let A be a ring which is finitely generated over Z(A) and let X be a non-commutative space of prime ideals. Consider the map
(Mor denotes the set of morphisms of non-commutative spaces of prime ideals, Hom denotes the set of ring homomorphisms, and O(X) := Γ(X, O X )) which sends a morphism f on the left hand side to the composition A → O(Spec(A)) → O(X) where the second arrow is induced by f . Then this map is injective and the image consists of all homomorphisms satisfying the following condition (i).
(i) For each x ∈ X, the composition A → O(X) → O X,x is a morphism in (Alg).
Proof. Let H be the subset of Hom (A, O(X)) consisting of all elements which induce morphisms A → O X,x in (Alg) for all x ∈ X. Let Y = Spec(A), Z = Spec(Z(A)). Let ψ : X → Spec(A) be a morphism and let h : A → O(X) be the associated ring homomorphism. We prove h ∈ H. Let x ∈ X, and let y ∈ Y and z ∈ Z be the images
The first arrow of this composition is a morphism in (Alg). Since the second arrow is a morphism of (Alg), the composition is also a morphism in (Alg).
Let h ∈ H. We define a morphism ψ : X → Spec(A) of non-commutative spaces of prime ideals associated to h as follows. For x ∈ X, let ψ(x) ∈ Spec(A) be the inverse image of p(x) under A → O X,x . Then ψ is continuous by the condition (ii) in 2.11. For
is not contained in the intersection of p(x) and Z(O X,x ) which is the maximal ideal of the local ring Z(O X,x ). Hence f x is invertible in Z(O X,x ). By this, we have a homomorphism from the pullback of O Z on X to Z(O X ). Hence we have a homomorphism from the inverse image of O Z ⊗ Z(A) A on X to O X . Thus we have a morphism of ringed spaces X → Spec(A) which we still denote by ψ and it is easy to see that this is a morphism of non-commutative spaces of prime ideals.
It is easy to see that H → Mor(X, Spec(A)) ; h → ψ and Mor(X, Spec(A)) → H ; ψ → h are the inverse maps of each other.
2.14. By a non-commutative scheme, we mean a non-commutative space of prime ideals X such that for any x ∈ X, there is an open neighborhood U of x such that as a noncommutative space of prime ideals, U is isomorphic to an open subspace of Spec(A) (2.12) for some ring A which is of finitely generated over Z(A).
A morphism of non-commutative schemes is a morphism as non-commutative spaces of prime ideals.
2.15. Example. Let k be a commutative field of characteristic 3 and let A be the group ring k[S 3 ] of the symmetric group S 3 of degree 3. We show:
(1) The canonical map A → O(X) is not bijective. The group S 3 is defined by generators α, β with relations α 2 = 1, β 3 = 1, αβα −1 = β −1 . Let I be the two-sided ideal of A generated by β − 1. Then I 3 = 0 and A/I ∼ = k × k where α ∈ A goes to (1, −1) ∈ k × k. The set Spec(A) consists of two elements p 1 and p 2 where p i is the composition of A → A/I ∼ = k × k and the i-th projection k × k → k. The center Z(A) is an Artinian local ring. We have an isomorphism
where u corresponds to 1 + β + β 2 and v corresponds to α(1 + β + β 2 ). As a non-commutative scheme, Spec(A) is the disjoint union of its two open subspaces U 1 = {p 1 } and U 2 = {p 2 } though A is not a direct product of two non-zero rings. The maps A → O(U i ) (i = 1, 2) are isomorphisms.
Hence O(Spec(A)) = A × A, and A → O(Spec(A)) is the diagonal map A → A × A which is not an isomorphism. This shows (1) .
We have Mor(
is not bijective, for the set Hom (Alg) (A, A) has an element which is not the identity map (for example, the ring homomorphism x → αxα −1 ). This shows (2). Let f : U 1 → Spec(A) be the morphism of ringed spaces which sends p 1 to p 2 and for which f * (O A ) → O U 1 is given by the identity map of A. Then this does not come from a morphism of non-commutative spaces of prime ideals. This shows (3).
Remark 2.16. The author does not think that the fact the maps (1), (2) in 2.15 are not bijective is a weak point of our formulation of non-commutative geometry.
The author thinks that the fact Γ(Spec(A),
He thinks that the latter space is an approximation of the former space but the former space is better in non-commutative geometry.
The fact Spec(A) is the disjoint union of U 1 and U 2 is important for the relation with zeta functions of non-commutative rings.Étale cohomology theory was created by Grothendieck in his efforts to have a cohomology theory which explains properties of zeta functions of varieties over a finite field predicted in Weil conjectures. Our hope is that ourétale cohomology theory in Section 5 is related to zeta functions of non-commutative schemes in Appendix of this paper. In Appendix, T. Fukaya gives a partial result (8.17) on the relation of the zeta function of a non-commutative scheme over a finite field and the compact supportétale cohomology.
In 2.15, let k be the algebraic closure of F 3 and let
where each (1 − 3 −s ) −1 corresponds to each point of Spec(A 0 ). Because Spec(A) is the disjoint union of U 1 and U 2 , theétale cohomology group
−s and ϕ 3 ∈ Gal(k/k) is the Frobenius operator which acts here as the identity map on the cohomology group.
If X is a ringed space such that O(X) = A, X must be connected because O(X) is not a product of two non-zero rings, and hence H 0 (X) should be one-dimensional for any reasonable cohomology theory, and hence we would not have a presentation of ζ A 0 (s) by using the cohomology of X. Such X is not nice for us in the relation to the zeta function.
3 Relatively commutative algebras, central modules 3.1. Let A be a ring. By a relatively commutative A-algebra (r.c. A-algebra for short), we mean a ring B endowed with a ring homomorphism A → B satisfying the following equivalent conditions (i)-(iv).
(i) As a ring, B is generated by the image of A and the center Z(B) of B.
(ii) As a left A-module, B is generated by Z(B).
(iii) As a right A-module, B is generated by Z(B).
(iv) As a ring endowed with a ring homomorphism from A, B is isomorphic to A[T λ ; λ ∈ Λ]/I for some index set Λ and for some two-sided ideal I of A[T λ ; λ ∈ Λ]. Here T λ are indeterminates which commute with each other and with elements of A.
3.2.
If A is commutative, an r.c. A-algebra is nothing but a commutative A-algebra. Proof. Since B is generated by Z(B) and the image of A and C is generated by Z(C) and the image of B, C is generated by Z(C), the image of Z(B), and the image of A. By 1.9, the image of Z(B) in C is contained in Z(C).
be the category of (not necessarily commutative) rings in which morphisms are ring homomorphisms A → B such that B is an r.c. A-algebra.
Proposition 3.5. Let B, C, and D be A-algebras. Then we have
where an element h of the first set corresponds to an element (f, g) of the second set by
Proof. Straightforwards.
Theorem 3.6. Let B be an A-algebra and let C be an r.c. A-algebra.
(1) The B-algebra B ⊗ A C (1.8) is relatively commutative.
(2) The A-algebra B ⊗ A C is the push-out (i.e. co-fiber product) of B ← A → C in the category (Alg). For an A-algebra D and for morphisms f :
(3) The category (Alg r.c. ) has push-outs. If B and C are r.c. A-algebras, B ⊗ A C is the push-out of B ← A → C in (Alg r.c ).
Proof. This follows from 3.5 by the fact that C C (A) = Z(C) and the fact g(Z(C)) ⊂ Z(D) in (2) by 1.9. Proof. This is deduced from the equivalence 1.11.
Proposition 3.8. Let A be a ring. For a two-sided A-module M, the following conditions (i)-(v) are equivalent. In (i) and (ii), let C M (A) = {x ∈ M | ax = xa for all a ∈ A}. In (iii) and (iv), consider the ring A ⊕ M in which the multiplication is defined by (a, x)(b, y) = (ab, ay + xb).
(i) As a left A-module, M is generated by C M (A).
(ii) As a right A-module, M is generated by
(iv) The ring A ⊕ M with the ring homomorphism A → A ⊕ M ; a → (a, 0) is an r.c. A-algebra.
(v) As a two-sided A-module, M is isomorphic to a quotient of ⊕ i∈I A for some index set I.
Proof. The equivalences (i)
generates the left A-module M, we have a surjective homomorphism of two-sided A-modules ⊕ i∈I A → M ; (a i ) i → i∈I a i x i . If (v) is satisfied, the image of the standard base of ⊕ i∈I A in M generates M as a left A-module and belong to C M (A).
3.9.
By a central A-module, we mean a two-sided A-module satisfying the equivalent conditions in 3.8.
Note that for a homomorphism A → B of rings, B is an A-algebra if and only if B is central as a two-sided A-module. 
Proof. This is reduced to the results for algebras (1.5) by considering the rings A ⊕ M and A ⊕ N. 
such that there are some i, j satisfying 1 ≤ i < j ≤ r and x i = x j (resp. where σ is a bijection {1, . . . , r} → {1, . . . , r}.
For y 1 , . . . , y r ∈ M, the image of
Proposition 3.12. For a totally ordered set I and for the central A-module M = ⊕ i∈I A, ∧ r A M (resp. Sym r A M) is identified with ⊕ j∈J A where J is the set of all totally ordered subsets of I of order r (resp. J is the set of all r-tuples (i(1), . . . , i(r)) of elements of I such that i(1) ≤ · · · ≤ i(r)), where the j-th base of ⊕ j∈J A is identified with e i(1) ∧ . . . e i(r) with j = {i(1), . . . , i(r)}, i(1) < · · · < i(r) (resp. e i(1) . . . e i(r) with j = {i(1), . . . , i(r)}), where e i for i ∈ I denotes the i-th base of ⊕ i∈I A. Proposition 3.13. Let M be a central A-module.
(
has a unique structure of an r.c. A-algebra satisfying the following conditions (i) and (ii).
(i) For m, n ≥ 0 and
(ii) The structural ring homomorphism A → Sym A (M) is the identity map from A to Sym 
Proof. This follows from the fact that if h : M → B is a homomorphism of two-sided
The following basic fact is used in the next section. 
A denotes the set of homomorphisms of two-sided A-modules, this isomorphism induces an isomorphism Hom
4 Vector bundles and algebras on non-commutative schemes 4.1. In this section, we consider vector bundles on a non-commutative scheme X. We define the λ-ring structure on the K-group of vector bundles on X.
We next consider the non-commutative analogue 4.10 of the fact that a quasi-coherent sheaf B of commutative rings on a scheme X define a scheme Spec(B) over X.
We then consider the fiber products in the category of non-commutative schemes.
Let X be a non-commutative scheme.
4.2.
By a vector bundle on X, we mean a sheaf of two-sided O X -modules on X which is locally isomorphic to O ⊕n X for some n as a two-sided O X -module.
X as two-sided O X -modules and if X is not empty, we have m = n.
Proof. It is sufficient to prove that for a non-zero ring
4.4. By 4.3, the rank of a vector bundle on X is defined as a locally constant function on X.
A vector bundle of rank one is called a line bundle.
4.5.
For vector bundles F and G on X, F ⊗ O X G is regarded as a vector bundle on X in the natural way. We have a canonical isomorphism (F , O X ) and a ∈ O X , ah is defined by (ah)(s) = a(h(s)) and ha is defined by (ha)(s) = h(as) (3.14). This F * is called the dual of
4.6. Since the category of vector bundles on X is an exact category, its K-group ( [9] ) is defined. We denote it by ⊕ n K n (X).
In particular, K 0 (X) is the Grothendieck group of the category of vector bundles on X. By ⊕ and ⊗, K 0 (X) has a natural structure of a commutative ring. By ∧ n , it has a structure of a λ-ring and has a γ-filtration.
4.7.
Let Pic(X) be the set of all isomorphism classes of line bundles on X. By ⊗, Pic(X) is an abelian group.
We have an isomorphism of groups
We have an isomorphism
as follows. For a line bundle L on X, take an open covering (U i ) i of X and an isomorphism
× . This (u ij ) i,j is a 1-cocycle and hence defines an element of 
for open sets U of X.
4.8.
By an O X -algebra locally of finite presentation, we mean a sheaf of rings B on X endowed with a ring homomorphism O X → B satisfying the following condition (i).
(i) Locally on X, there is an isomorphism O X T 1 , . . . , T n /(f 1 , . . . , f m ) ∼ = B of sheaves of rings on X endowed with ring homomorphisms from O X , where O X T 1 , . . . , T n denotes the non-commutative polynomial ring over O X and f 1 , . . . , f n are sections of it.
By an r.c. O X -algebra locally of finite presentation, we mean a sheaf of rings B on X endowed with a ring homomorphism O X → B satisfying the following condition (ii).
(ii) Locally on X, there is an isomorphism Proposition 4.9. Let B be an O X -algebra (resp. r.c. O X -algebra) locally of finite presentation. Then locally on X, there are a ring A which is finitely generated over Z(A), an Aalgebra B (resp. r.c. A-algebra) of finite presentation, an open immersion X → Spec(A), and an isomorphism of O X -algebras B ∼ = O X ⊗ A B.
(Here an A-algebra (resp. r.c. A-algebra) is of finite presentation means that it is isomorphic to A T 1 , . . . , T n /I (resp. A[T 1 , . . . , T n ]/I) for some n ≥ 0 and for some finitely generated two-sided ideal
Proof. Let B be an O X -algebra locally of finite presentation. Working locally we may assume that X is an open subspace of Spec(A) for some ring A which is finitely generated over Z(A). Let x ∈ X, and let y ∈ Y := Spec(A) and z ∈ Spec(Z(
The statement for an r.c. O X -algebra B locally of finite presentation is proved similarly by replacing the non-commutative polynomial rings in the above arguments by polynomial rings.
Proposition 4.10. Let B be an O X -algebra locally of finite presentation. Then there is a non-commutative scheme Spec(B) over X which represents the following contra-variant functor F from the category of non-commutative spaces of prime ideals over X to (Sets).
Let f : Y → X be a non-commutative scheme over X. Then Proof. This follows from 3.6.
4.13. Let f : X → Y be a morphism of non-commutative schemes. We say that f is relatively commutative if locally on X, it is a composition of morphisms of the following two types.
(1) X is isomorphic over Y to Spec(B) for some r.c. O Y -algebra B locally of finite presentation.
(2) f is an open immersion.
We consider fiber products in the category of non-commutative schemes. Proof. We may assume that f has one of the forms (1) and (2) in 4.13. In the case (1),
is the fiber product by 3.6. In the case (2), the inverse image of X in Y ′ , which is an open subspace of Y ′ , is the fiber product.
→ Z be morphisms of non-commutative schemes. Assume that g is an r.c. morphism. Then by 4.14, we have a morphism X → X × Z Y corresponding to the identity morphism X → X and f : X → Y . This morphism is called the graph of f .
In particular. the diagonal morphism X → X × Y X is defined for an r.c. morphism
5Étale cohomology, fundamental groups, Betti cohomology
In this section, we define theétale cohomology groups and the fundamental groups of non-commutative schemes imitating SGA 4 ([1]) and SGA 1 ( [7] ), respectively. In the case of non-commutative schemes X over C, we define the Betti cohomology groups of X.
5.1.
Let f : X → Y be a morphism of non-commutative schemes. We say f isétale if locally on X, it is a composition of morphisms of the following types. (i) f : X ′ = X × S S ′ → X for someétale morphism of schemes S ′ → S and for some morphism X → S.
(ii) f is an open immersion.
5.2.
Let X be a non-commutative scheme. We define theétale site X et as follows.
As a category, X et is the category of non-commutative schemes over X which areétale over X.
A covering is one of the following two types.
(i) A morphism U ′ → U such that there are anétale surjective morphism S ′ → S of schemes and a morphism U → S of non-commutative schemes such that
(ii) A family (U i → U) i of morphisms such that U i → U is an open immersion and U = ∪ i U i .
In the case X = Spec(A), we denote X et also as A et .
Any morphism in X et is relatively commutative. Hence if X
′ → X is a morphism of non-commutative schemes, U → X ′ × X U gives a morphism of sites (X ′ ) et → X et . Hence we have the pullback homomorphism
Remark 5.4. Roughly speaking, our definition of theétale topology for a non-commutative schemes is the combination of (a) theétale topology in the world of schemes and (b) Zariski topology of Spec of non-commutative rings. This (b) concerns with delicate natures of representation theory. For a finite group G, there are delicate differences of the representation theory of G over Q p and the representation theory of G over F p as is explained, for example, in the book [11] . Spec(Z p [G]) with Zariski topology tells such delicate natures. In Examples 6.7 and 6.9 in Section 6, delicate differences of the representation theory of A over C((T )) and the representation theory of A over
, and appear as delicate natures of theétale cohomology of A.
5.5.
We denote the sheaf U → O(U) on X et by O Xet and call it the structure sheaf on X et .
5.6
. By a vector bundle on X et , we mean a sheaf of two-sided O Xet -modules which is locally on X et isomorphic to O ⊕n Xet for some n ≥ 0 as a two sided O Xet -module. The natural functor from the category of vector bundles on X to the category of vector bundles on X et need not be an equivalence (see 6.10). This is not like the case of schemes.
We have the K-group ⊕ n≥0 K n (X et ) of the category of vector bundles on X et . K 0 (X et ) is a commutative ring by ⊕ and ⊗, and it has a λ-ring structure by ∧ r . We have Pic(X et ) which is an abelian group by ⊗. We have a homomorphism of λ-rings and a homomorphism of abelian groups
respectively. We have isomorphisms
5.7.
For a line bundle L on X et and for an integer n which is invertible on X, we define the Chern class of L in theétale cohomology H 2 (X et , Z/nZ(1)) as follows. We have an exact sequence
Hence we have the connecting homomorphism (1)) is injective. An example of a non-trivial Chern class of a line bundle in non-commutative geometry is given in 6.8.
The author expects that the Chern classes of a vector bundle on X can be defined by using theétale cohomology of the projective bundle associated to the vector bundle.
5.8.
We present a question on the style of Tate conjecture for divisors.
Let F be a commutative field which is finitely generated over a prime field, let X be a non-commutative scheme over F of finite type, and let ℓ be a prime number which is different from the characteristic of F . How often is the map
Here a non-commutative scheme X over a commutative ring R is said of finite type if there is a finite open covering (U i ) i of X and a finitely generated R-algebra A i for each i such that U i is isomorphic over R to an open subspace of Spec(A i ).
Proposition 5.9. Let F be a vector bundle on X et . Then as a non-commutative scheme, X is the disjoint union of its open subspaces U n (n ≥ 0) such that the pullback of F to U n,et is of rank n.
In particular, if X is connected, F has a constant rank.
Proof. Let U n ⊂ X be the set of points x of X such that F is of rank ≤ n on some open neighborhood of x. Then U n is open in X and X = ∪ n U n . We may assume X = U n . We prove by induction on n.
The image e of 1 in O Xet under this map is an element of O Xet (X) = O(X) which is locally 1 or 0 on X et . Since O Xet (U) = O(U) for any open set U of X, e is an element of O(X) such that e 2 = e and such that for any open set U of X, the image of e in O(U) belongs to the center of O(U). Hence by 5.10 below, X is a disjoint union of two open sets V and W such that e is 1 on V and 0 on W . Then M is of rank 1 on V and 0 on W . Hence F is of rank n on V and of rank ≤ n − 1 on W . We are done by induction on n. Proof. Let x ∈ X. Then the image of e in O X,x belongs to the center Z(O X,x ) and satisfies e 2 = e. Since Z(O X,x ) is a local ring, we have either e = 1 or e = 0 in O X,x . Let V (resp. W ) be the set of points of X such that the image of e in O X,x is 1 (resp. 0). Then V and W have the properties stated in 5.10.
Next we consider the fundamental groups of non-commutative rings.
5.11.
Let k be a separably closed field and let n ≥ 1. Then the category of sheaves on Spec(M n (k)) et is equivalent to the category of sets by the functor
Proof. This is because M n (k) et is equivalent to k et .
Proposition 5.12. Assume X is connected. Let k be a separably closed field, let n ≥ 1, and let a : Spec(M n (k)) → X be a morphism (we call this morphism a base point). Let C be the category of sheaves on X et which are locally constant and finite. Then with the pullback functor by a, C is a Galois category in the sense of [7] Section V 5.
Proof. It is clear that C satisfies the condition (G1)-(G5) of Section V 5 of [7] . We prove that C satisfies the remaining condition (G6) of the Galois category, that is, a morphism S → T of C is an isomorphism if the induced map S a → T a is bijective. Let I be the image of S → T . Let C be the complement of I in T , so T is the disjoint union of I and C. Let D be the complement of the diagonal image of S in S × I S. Since S a → T a is bijective, C a and D a are empty. It is sufficient to prove that these C and D are empty. We have the vector bundles O C and O D on X et . Since X is connected, O C and O D are of constant rank by 5.9. Since they are 0 at a, they are 0. Hence C and D are empty.
5.13. Define π 1 (X, a) as the Galois group of this Galois category. If X = Spec(A), we denote π 1 (X, a) also as π 1 (A, a) .
If we only assume that a base point a → X exists but do not fix it, we have π 1 (X) as an object of the category of pro-finite groups in which morphisms are continuous homomorphisms considered modulo conjugacy. If we have a morphism X ′ → X (we assume X ′ also has a base point which is not fixed), we have a homomorphism π 1 (X ′ ) → π 1 (X) determined modulo conjugacy.
Remark 5.14. Locally constant finite sheaves on X et are not necessarily representable. See 6.10.
Our next subject is Betti cohomology. Let X be a non-commutative scheme of finite type over C.
5.15.
We define a topological space non-commutative space X cl . Let X cl be subset of X consisting of points x such that the residue field of the local ring Z(O X,x ) is C.
We define the topology of X cl which is finer than the topology as a topological subspace of X, as follows. It is the weakest topology satisfying the following condition. Take an open set U of X, a morphism U → S with S a scheme of finite type over C, an open set V of S cl , and f ∈ O (i) Let s ∈ S be the image of x. Then s ∈ V and the image of
In the case X = Spec(A), we will denote X cl also by A cl .
For a morphism X
′ → X of non-commutative schemes of finite type over C, we have a continuous map X ′ cl → X cl . This induces the pullback homomorphism
5.17.
We have a morphism from the topoi of sheaves on X cl to the topoi of sheaves on X et . Hence we have a canonical pullback homomorphism H m (X et , Z/nZ) → H m (X cl , Z/nZ).
5.18.
A partial result on the comparison of Betti cohomology andétale cohomology is given in 6.6.
5.19.
In the case A is a finite algebra over a finitely generated commutative ring R over C, the space A cl is related to the spaces of r-dimensional irreducible representations of A over C for r ≥ 0, as follows. In general, let k be a commutative field and let A be a finitely generated k-algebra. For r ≥ 0, let S A,r be the scheme over k called the scheme of irreducible representations of A. As in [8] , S A,r is obtained as the quotient of R s A,r /P GL r where R s A,r is a scheme over k which represents the following functor. For a commutative ring R over k, R s A,r (R) is the set of all homomorphisms A → M r (R) over k such that M r (R) is generated over R by the image of A. Note that the last condition of the generation is equivalent to the condition that M r (R) is an r.c. A-algebra.
We have a canonical morphism of non-commutative schemes S A,r → Spec(A). Let A be a finite algebra over a finitely generated commutative ring over k. Then the map r S A,r → Spec(A) is a bijection, and S A,r is empty for almost all r. If furthermore k = C, the bijection r S A,r → Spec(A) induces a bijection r S A,r (C) → A cl . S A,r (C) is the set of all isomorphism classes of irreducible r-dimensional representations of A over C. The following proposition tells that our topology of A cl is a way to glue the topological spaces S A,r (C) for all r.
Proposition 5.20. Let A be a finite algebra over a finitely generated commutative ring R over C. Then for each r, the classical topology of S A,r (C) coincides with the restriction of the topology of A cl .
Since S A,r is quasi-finite over R, this follows from 
form a base of neighborhoods of x in X(C).
6 Examples Proposition 6.1. Let A be a (finite-dimensional) central simple algebra over a commutative field F . Then π 1 (A) ∼ = Gal(F /F ).
Proof. A finite Galois extension F
′ /F with Galois group G gives the G-torsor A → A⊗ F F ′ and hence gives homomorphism π 1 (A) → G. This gives a homomorphism
Proposition 6.2. Let k be a commutative field and let A be a k-algebra which is of finite dimension as a k-vector space. For p ∈ Spec(A), let k(p) be the center of the simple algebra A/p. Then for any sheaf F of abelian groups on k et , we have
for any m and any n ≥ 1.
Proof. Let a : A et → k et be the canonical morphism of sites. Letk be the separable closure of k. We have
6.3. Let R be a commutative strictly henselian local Noetherian ring of dimension one, and let A be an R-algebra which is finite over R. We compute H m (A et , F ) for a constructible sheaf F on Spec(R) et .
Note that both Spec(R) and Spec(A) are finite sets. Let y ∈ Spec(R) be the closed point and let S be the set of all closed points of Spec(A), Then S is the inverse image of y under Spec(A) → Spec(R). Let Σ = Spec(A) S. For p ∈ Σ with image p ′ ∈ Spec(R), let κ(p) be the center of the simple algebra κ(p ′ ) ⊗ R A/p over κ(p ′ ). For x ∈ S, let U x be the open set of Spec(A) consisting of all elements η such that the closure of η in Spec(A) contains x, and let Σ(x) = Σ ∩ U x . Then U x = {x} ∪ Σ(x) as a set. This U x is the smallest open neighborhood of x in Spec(A). Note that for any p ∈ Σ, there is x ∈ S which belongs to the closure of p in Spec(A).
Let F be a constructible sheaf on Spec(R) et and denote the pullback of F to Spec(A) et also by F . Since R is a strictly henselian local ring, we have:
The following (2) follows from (1) by the long exact sequence
The following (3.1) and (3.2) follow from (2) by using the log exact sequence
is isomorphic to the set of all families (s(x)) x∈S of elements s(x) of F y satisfying the following condition: if x, x ′ ∈ S and if x and x ′ both belong to the closure of p ∈ Σ, then the images of s(x) and s(
6.4. In 6.3, assume that the normalization of R is finite over R. Then κ(p) for p ∈ Σ is the field of fractions of a strictly henselian discrete valuation ring. Hence H m (κ(p) et , F ) = 0 for any m ≥ 2 if F is torsion and is killed by an integer which is invertible in R. Hence
for such F . For an integer n which is invertible in R, the valuation of κ(p) gives an isomorphism (1)) is isomorphic to the cokernel of ⊕ p∈Σ Z/nZ → ⊕ x∈S ⊕ p∈Σ(x) Z/nZ and hence is isomorphic to (Z/nZ) ⊕r where r = ( x∈S ♯(Σ(x))) − ♯(Σ).
Proposition 6.5. Let R be a (commutative) Dedekind domain with field of fractions F , let A be an R-algebra which is finite over R, and assume that A ⊗ R F is a central simple algebra over F . Assume further that the map A → A ⊗ R F is injective. Let a : A et → R et and let n ≥ 1. Then we have:
where y ranges over all points of Spec(R) of codimension one, i y : y → Spec(R) is the inclusion morphism, and S(y) is the inverse image of y in Spec(A). R m a * (Z/nZ) = 0 for m ≥ 3.
Proof.
(1) and (3) follow from 6.3 and 6.4. (2) follows from (1) by the exact sequence
Proposition 6.6. Let R be a finitely generated commutative ring over C of dimension ≤ 1 and let A be an R-algebra which is finite over R. Then
for any torsion constructible sheaf F on R et and any m.
Proof. Let a et : A et → R et and a cl : A cl → R cl . By classical comparison theorem, it is sufficient to prove that Ra cl, * F is the pullback of R et, * F . Let y ∈ R cl . In 6.3, we computed the stalk (R m a et, * F ) y . We compute it with the stalk (R m a cl, * F ) y . Let R h y be the henselization of the local ring of R at y. Let S, Σ, and Σ(x) for x ∈ S be finite sets defined for the pair (R h y , A ⊗ R R h y ) as in 6.3. The canonical map Spec(A ⊗ R R h y ) → Spec(A) induces a bijection from S to the inverse image of y in A cl . We will identify S with this inverse image of y in A cl .
Replacing Spec(R) by an affineétale neighborhood of y, we may assume that the following (i) and (ii) hold.
(i) Let Σ A ⊂ Spec(A) be the set of all non-closed points. Then the map Spec(
(ii) For each x ∈ S, let Σ A (x) be the set of all p ∈ Σ A such that x belongs to the closure of p. Then the map Spec( For x ∈ S, we have an isomorphism
in which the left vertical arrow is an isomorphism and we have a commutative diagram of exact sequences
in which the second and the third vertical arrows are isomorphisms.
We have a commutative diagram of exact sequences
The first vertical arrow is an isomorphism by the above (1), and the third vertical arrow is an isomorphism. Hence the middle vertical arrow is an isomorphism.
Let
Let n ≥ 0 be an integer (n can be 0). Then the map a :
If n ≥ 1, this is a special case of 6.5 through 6.6.
6.8. We give two understandings of the generator of H 2 (A cl , Z/nZ) in 6.7. (1) As a generator of H 2 (S 2 , Z/nZ) where S 2 is a sphere. Note that A cl → C is a homeomorphism outside 0 ∈ C and that the inverse image of 0 in A cl is a two point set {p 1 , p 2 }. Let Y be the topological subspace of C × R defined as the union of {(z, 0) | z ∈ C, |z| ≥ 1} and the unit sphere 6.9. The former example had non-trivial R 2 a * (Z/nZ). This example has non-trivial R 1 a * (Z/nZ). Let
} and R cl is the union of two C intersecting at 0 (we denote this intersection by 0 ∈ R cl ). The map a : A cl → R cl satisfies for n ≥ 0 (n can be 0)
We have
We can construct a non-commutative scheme X ′ over X := Spec(A) with an action of Z/nZ over X, which is a Z/nZ-torsor corresponding to the generator of H 1 (X et , Z/nZ) if n ≥ 1 and to the generator of
Let p 1 , p 2 be the two points of X at which T is not invertible. Consider the open subspace U i = Spec(A) {p 3−i } of X for i = 1, 2. Consider also the open subspace
). For i = 1, 2 and for k ∈ Z/nZ, let U i,k be a copy of U i and let V i,k be a copy of V i . We embed V 1,k and V 2,k in U 1,k according to the embedding V i ⊂ U 1 . We embed V 1,k in U 2,k according to the embedding V 1 ⊂ U 2 , and we embed V 2,k+1 in U 2,k according to the embedding V 2 ⊂ U 2 . Then define X ′ to be the union of these U i,k . The group Z/nZ acts on X ′ as follows. For j ∈ Z, j sends U i,k to U i,k+j and the induced morphism U i,k → U i,k+j corresponds to the identity morphism U i → U i .
6.10. Here using 6.9, we give an example of a vector bundle on anétale site which does not come from the Zariski site, and we give an example of a sheaf on anétale site which is locally constant and finite and which is not representable.
Let Y = Spec(B). Let A and X = Spec(A) be as in 6.9. Then we have an isomorphism
The complex conjugation on C ⊗ R B corresponds to
with Q = 0 1 1 0 wherex is the complex conjugate of x. Let X ′ be as in 6.9 with n ≥ 2. Regard X ′ as a noncommutative scheme over
This is a vector bundle on Y et of rank 2n. But it does not come from a vector bundle on the Zariski site of Y . In fact, let y be the unique point of Y at which T is not invertible. Then the stalk F y at y of the restriction of F to the Zariski site of Y coincides with A and of rank 2 over O Y,y not 2n.
Next we give a sheaf on Y et which is locally constant and finite and which is not representable. We extend the action σ : X → X to the action σ :
and which induces the morphism U i,k → U 3−i,−k corresponding to σ : U i → U 3−i . We have σ 2 = 1. Let the group G be the semi-direct product of Z/nZ and {1, σ} in which Z/nZ is normal and the inner-automorphism by σ induces Z/nZ → Z/nZ ; x → −x. Then the actions of Z/nZ and σ on X ′ define an action of G on X ′ , and X ′ is a G-torsor on Y et . Let H be the sheaf on Y et represented by X ′ and consider the sheaf G \ H on Y et . It is locally constant and finite. We show that G \ H is not representable. Assume it is represented by a non-commutative scheme Y ′ over X. Let y ′ be a point of Y lying over y and under the copy of p 1 in U 1,0 . Then
by the action of σ, and the part (
6.11. In this Section 6, we obtained results on theétale cohomology of a non-commutative ring which is finite over the center assuming that the center is of dimension ≤ 1. The theory of arc topology [2] reduces, roughly speaking, everything to the case of valuation rings of dimension ≤ 1. The author expects that by replacingétale topology by arc topology, we can obtain results including the comparison theorem (6.6), on the cohomology of a non-commutative ring which is finite over the center of arbitrary dimension.
7 Fundamental groups and class field theory 7.1. For a ring A which is finitely generated over the center Z(A), we define π
is the abelian group of isomorphism classes of Z/nZ-torsors on A et . Here A et need not be connected .
If A et is connected, π ab 1 (A) is identified with the abelianization of π 1 (A).
7.2.
Let C be the full subcategory of (Alg) consisting of finite flat Z-algebras. Let C ′ be the full subcategory of C consisting of all objects A satisfying the following condition (*).
(*) For any r ≥ 1, there is no ring homomorphism A → M r (R) whose image generates M r (R) over R.
This condition (*) is satisfied, for example, if A is an O F -algebra for a totally imaginary number field F . 
Theorem 7.4. There is a unique morphism
of contra-variant functors from C ′ to the category of abelian groups which sends the class [M] of a simple left A-module M to ϕ r p where p, ϕ p and r are as follows: For such M, there is a unique p ∈ Spec(A) such that A/p ∼ = M r (F q ) and M = F ⊕r q with the action of A through M r (F q ). ϕ p is the inverse limit of the composition 
Let A ∈ C.
Let P 0 = {p ∈ Spec(A) | A/p is a finite ring} and let P 1 = Spec(A) P 0 . Then for p ∈ P 0 , A/p ∼ = M r (F q ) for some r ≥ 1 and for a finite field F q . For p ∈ P 1 , Λ/p is a subring of Λ/p ⊗ Q which is a finite-dimensional simple Q-algebra.
Let C A be the category of finitely generated A-modules and let C A,0 be the full subcategory of C A consisting of all objects which are finite as sets. By localization theory of K-theory ([9]), we have an exact sequence
which is isomorphic to the exact sequence
Hence we have an exact sequence 
r ′ a , and this shows f r = ar ′ .
Let
A → B be a morphism in C. Then we have a commutative diagram of exact sequences
By this and by 7.7, for the proof of 7.4, it is sufficient to prove that the composition
is the zero map for A ∈ C ′ and for p ∈ P 1 . This is reduced to the classical reciprocity law of class field theory as follows.
7.9. By 7.7 and 7.8, for a morphism in C, we have a commutative diagram 
obtained from 7.9 and by the fact that the right vertical arrow is an isomorphism, it is sufficient to prove that the composition
The classical reciprocity law of class field theory tells that the map
Note that we have the canonical surjection Λ × → K 1 (Λ) and the composition Λ × → K 1 (Λ) → F × is the norm map. By the assumption A ∈ C ′ , for any real place v of F , Λ ⊗ F F v is isomorphic to M n (H) for some n ≥ 1 where H is the quaternion algebra over R. Hence any element of the image of the norm map Λ × → F × is totally positive. This completes the proof of 7.4.
8 Appendix: Zeta functions of non-commutative schemes.
By Takako Fukaya
In the paper [4] , the author of this Appendix defined the Hasse zeta function of a finitely generated non-commutative ring over Z. In this Appendix, we generalize it to the zeta function of con-commutative schemes. Artin L-functions for non-commutative rings were not considered in [4] . We discuss here Artin L-functions for non-commutative schemes using the theory of fundamental groups (section 5) and its relation to class field theory (section 7). We also give a partial result on the relation of zeta functions of non-commutative schemes over a finite field andétale cohomology (Thm. 8.17).
8.1. Let X be a non-commutative scheme of finite type over Z. Let |X| be the set of all points of X such that O X,x /p(x) is finite as a set. For x ∈ |X|, O X,x /p(x) ∼ = M r (F q ) for some r ≥ 1 and for a finite field F q of q-elements. Let N(x) = q.
We define the zeta function ζ X (s) of X as
If X is a scheme, this coincides with the zeta function of X. If X = Spec(A) for a (not necessarily commutative) ring A, this coincides with the zeta function ζ A (s) defined in [4] .
8.2.
It can happen that ζ X (s) diverges for any s ∈ C. For example, this happens in the case X = Spec(F p T 1 , T 2 ) with F p T 1 , T 2 the non-commutative polynomial ring in two variables over F p . If R is a finitely generated commutative ring over Z and A is an R-algebra, ζ A (s) absolutely converges when Re(s) ≫ 0 for example, if A is finite over R or if A is the group ring R[G] for a finitely generated group G which has a nilpotent subgroup of finite index ( [5] ). Proof. The first assertion is clear. Since O X,x /p(x) is a O Y,y /p(y)-algebra, 1.11 shows that the center of the former ring is a finite extension of the center of the latter ring.
Remark 8.5. After the author wrote the paper [4] , she wondered whether we can have Artin L-functions for non-commutative rings. For a finite extension B of a ring A, the hope was to decompose ζ B (s) to the product of ζ A (s) and some Artin L-functions of A. The issue as in the following examples (1) and (2) soon appeared.
(1) A = F p × F p embedded in B = M 2 (F p ) as the diagonal. Now we see that B is not an A-algebra in these examples. The reasonable hope becomes to decompose ζ B (s) to a product of L-functions associated to A in the case B is an A-algebra.
8.6. Let x ∈ |X|. Assume X is connected. We have the Frobenius ϕ x ∈ π 1 (X) defined modulo conjugacy as follows. Assume O X,x /p(x) ∼ = M r (F q ). The morphism Spec(O X,x /p(x)) → X induces a homomorphism π 1 (F q ) = π 1 (M r (F q )) → π 1 (X) of profinite groups modulo conjugacy (5.13). We define ϕ x as the image of the canonical generatorF q →F q ; x → x q of π 1 (F q ) = Gal(F q /F q ).
8.7.
If X → Y is a morphism of non-commutative schemes of finite type over Z which sends x ∈ |X| to y ∈ |Y |, π 1 (X) → π 1 (Y ) sends ϕ x to ϕ f y where f is the integer such that N(x) = N(y) f . 
We have
for representations ρ 1 and ρ 2 .
Theorem 8.10. Let Y be a connected non-commutative scheme of finite type over Z. Let G be a finite group, and let X be an object of Y et with action of G over Y , which is a G-torsor on Y et . Then we have
where the right hand side is defined by the homomorphism π 1 (Y ) → G associated to X.
Proof. We are reduced to case Y = Spec(F q ) for a finite field F q and X is a G-torsor over Y , which is classical.
8.11.
Thus for X → Y and G as in 8.10, the zeta function of X is decomposed to a product of Artin L-functions according to the decomposition of the regular representation C[G] of G to direct sum of sub representations.
In the classical class field theory, for a totally imaginary number field, the Artin Lfunction of an unramified abelian character of the Galois group is equal to the L-function of a character of the ideal class group. The following 8.12 is a version of it for noncommutative rings. where M ranges over all isomorphism classes of simple left A-modules.
Proof. This follows from 7.4.
8.13.
For a scheme X of finite type over a finite field k = F q , the zeta function of X is expressed by using the compact support ℓ-adicétale cohomology of X ⊗ kk . We ask whether this is generalized to non-commutative schemes. The following 8.17 is a partial result on this.
8.14. Let k be a commutative field, let Y be an integral curve over k, and let X be a non-commutative scheme with a morphism f : X → Y satisfying the following condition (i). 
